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Sade’s singular direct product method for constructing pairs of mutually 
orthogonal latin squares (MOLS), published in 1960, gives counter-examples 
for all n > 482 to the Euler conjecture that pairs of MOLS of order n do not 
exist whenever n = 2 (mod 4). 
1. INTRODUCTION 
One of the most celebrated results in the development of combinatorial 
theory was the disproof in 1959 and 1960 by Bose, Shrikhande and 
Parker in a succession of papers [l-3] of the conjecture of Euler that there 
were no pairs of mutually orthogonal latin squares (MOLS) of order 
II E 2(mod 4). In fact, Euler’s conjecture turned out to be untrue unless 
n = 2 or 6. In 1960 Sade [ll] gave some counter-examples to the Euler 
conjecture by means of his singular direct product (SDP) of quasigroups. 
This very simple construction is in fact a generalization of Moore’s [lo] 
method for constructing Steiner triple systems and was not used by Bose, 
Shrikhande and Parker. The smallest of Sade’s counter-examples was for 
n = 22. At the time Sade’s construction received almost no attention and 
there is no mention of it in the two standard works on combinatorial 
theory by Marshall Hall, Jr., and H. J. Ryser. One of the purposes of this 
* In the main the results of this paper were given in a talk at the British combinatorics 
conference in Oxford (1972) under the title “The spectrum of latin squares orthogonal 
to their transpose.” Unfortunately the computing necessary to complete the results had 
not been finished in time for this paper to be included in the proceedings. The main 
development in the meantime has been the theorem of Brayton, Coppersmith and 
Hoffman [4], and the original draft has been rewritten in the light of that theorem. 
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paper is to show that, starting with the MacNeish result that the maximum 
number N(n) of MOLS of order FZ satisfies 
where n = pF;’ *a* pp is the prime factorization of n, one obtains from 
Sade’s SDP construction alone counter examples to Euler’s conjecture 
for all except 27 values of n. Furthermore, starting from MacNeish’s 
result and 5 specific examples of pairs of MOLS of order n (of orders 10, 
14, 18, 26, 62 in fact) one obtains pairs of MOLS of order n for all values 
of n = 2(mod 4), n # 2,6. 
For our proof of these remarks it turns out to be natural to study latin 
squares orthogonal to their transpose (LASOT) as well. Very recently 
Brayton, Coppersmith and Hoffman [4] have shown that there is in fact a 
LASOT of order n for ,a11 values of n except n = 2, n = 3 and n = 6. 
Their method is reminiscent of the method of Bose, Shrikhande and 
Parker for MOLS. But earlier Sade [l I] and Mendelsohn [9] each showed 
that if n + 2(mod 4), n 3 3(mod 9) and n f 6(mod 9) there is a LASOT 
of order n. Then Lindner [7], by generalizing Sade’s SDP showed that 
there are LASOT’s of order n for some values of n in each of these con- 
gruence classes. Here we show that, starting with the Sade-Mendelsohn 
result on LASOT’s, one obtains from the Sade-Lindner SDP a LASOT 
of order n for all except 217 values of n. 
A number of other results which follow from the calculations in this 
paper are given in [5]. 
The method we used here involved making a computer generate several 
lists of integers by a variety of recurrence relations. It was a very lengthy 
process and involved several hours of computation on an Elliot 4130 
computer. 
Klarner and Rado [6] have recently started to study in a general way 
the sets of integers generated by particular recurrence relations from a 
given start set. Also Wilson discussed the same kind of problem, but in a 
particular setting in [ 121. 
2. THE SINGULAR DIRECT PRODUCT 
The following description of Sade’s SDP is due to Lindner. 
Construction 1. 
Let V be a diagonal latin square of order Y on l,..., v (a diagonal latin 
square is a latin square whose main diagonal is a transversal); let Q be a 
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latin square of order q on l,..., q which contains in its top left-hand comer 
a latin square P of order p on l,..., p; and let p be a latin square of order 
4 -p on p + l,..., q. The singular direct product V x Q(P, F), a latin 
square on { l,..., p} x {{ l,..., V} x {p + l,..., q}}, is defined by means of 
the following diagram. 
A(O,O) MO,l) A(0.2) . . . . . . A(O,V) 
A(l.0) AU,11 A(l,2) . . . . ‘. . A(l,v) 
A(2,'J) N2,l) A(2,Z) . . . . . . A(2,v) 
A(v,O: Nv,l) A(v.2) : * * - - ’ A(v,v) 
Here, for each k, 1 < k < V, in the four cells A(0, 0), A(0, k), A(k, 0), 
A(k, k) is the latin square Q with each x 4 P replaced by (x, a&, and in 
each cell A(i, j) with i # j, i > 0, j > 0 is the latin square P with every x 
replaced by (x, uii), where uii is the entry in cell (i,j) of I’. 
Notice that the construction remains valid when p = 0. 
The following lemma is obvious. 
LEMMA 1. If Q is a diagonal latin square then V x Q(P, F) is also 
diagonal. 
Sade [l l] proved the following theorem. 
THEOREM 1 (Sade). If VI, Q, , PI, PI and V, , Q, , Pz , P, satisfy the 
conditions of construction 1 with V = V, , Q = Qi, P = Pi, 
P = Pi (i = 1,2), and (VI , V& (Q, , Q& and (PI, fs,) are each pairs of 
MOLS, then so is (VI x Q(Pl , PI), V, x Qz(P, , P,)). 
In order to use the SDP to generate latin squares which may then be 
used as V in yet a further SDP it is clearly sensible to pay particular 
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attention to diagonal latin squares. Accordingly it is important to deter- 
mine for which orders PI there is a pair of mutually orthogonal diagonal 
latin squares. It is not hard to see that, by combining latin squares from 
finite field constructions together with the direct product (as in Sade [l I]), 
there is a pair of mutually orthogonal diagonal latin squares of order n 
when n + 2(mod 4), n f 3(mod 9) and n + b(mod 9). This coincides 
with the set of orders n for which both Sade and Mendelsohn showed that 
there is a LASOT. But, as Lindner showed, the SDP may be adapted to 
generate LASOT’s. Therefore it is natural to consider in the first instance 
those integers n for which LASOT’s may be generated using the SDP, and 
to consider subsequently the corresponding problem for pairs of MOLS. 
We now give Lindner’s adaptation of the SDP for LASOT’s. 
Construction 2. 
Let V be a LASOT of order z, on I,..., Y; let Q be a LASOT of order q on 
1 >***, q which contains a LASOT P of order-p on I,..., p in its top left-hand 
corner. LetP,andP,beapairoflatinsquaresoforderq -ponp + l,...,q 
and such that (p, , P,‘) is a pair of MOLS. Let V x Q(P, P, , p.J denote 
the latin square of diagram 1 in which A(i,j)(O < i < j < v) is as follows. 
In each cell A(i, j) with i > j > 0 is the latin square p1 with every x 
replaced by (x, vii) where vij is the entry in cell (i, j) of I? Similarly in each 
cell A(i, j) with j > i > 0 is the latin square P, with every x replaced by 
(x, vij). For each k, I < k < v, in the four cells A(0, 0), A(0, k), A(k, 0) 
and A(k, k) is the latin square Q with each x $ P replaced by (x, r&. Then 
V x Q(P, P, , P,) is a LASOT of order p + v(q - p). 
Notice that, again, the construction remains valid whenp = 0. 
Now let V, Q, P, P, , P, be latin squares as described in Construction 2. 
Let I/’ be a sublatin square of V of order u’ on the elements l,..., u’, lying 
in the top left hand corner of V. Let P’ be a sublatin square of P of order 
p’ on the elements I,..., p’ lying in the top left hand corner of P. Let Q’ be 
a sublatin square of Q of order q’ on the elements l,..., p’, p + l,..., 
q’ - p’ + p containing P’ in its top left-hand corner, and occupying 
positions (i,j), with i, j E {l,..., p’, p + l,..., q’ - p’ + p}. Let PI’, P,’ be 
latin squares of order q’ - p’ on the elements p + l,..., q’ - p’ + p 
lying in the top left-hand corners of P, , H, respectively. 
It follows immediately that V’ is diagonal, V’, P’, Q’ are orthogonal to 
their transposes, and that (lil’, P’T) and (P, , P”) are pairs of MOLS. 
THEOREM 2. If there are Iatin squares V, Q, P, P, , P, as described in 
construction 2, with sublatin squares V’, Q’, P’, F1’, Pz’ as described 
immediately above, then there are LASOT’s L(V x Q(P, P,, P,)), L(Q), 
L(V) of orders p + v(q - p), q, v such that 
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(i) V’ x Q’(P’, PI’, P,‘) is in the top left-hand corner of 
W x QV, p,, PA 
(ii) Q’ is in the top left-hand corner of L(Q), 
(iii) A Iatin square isomorphic to V’ is in the top left-hand corner of 
L(V)* 
Proof of (i). The LASOT V x Q(P,B, , P,) contains the sublatin 
square V’ x Q’(P’,Fl’, P,‘) on {l,..., p} u {(p + l,..., q’ - p + p’} x 
u,..., v’}} in the symmetrically placed positions indicated by the shaded 
areas in the diagram below. 
g gg 
A(O,O) A(O,l) 
&ia 
A(l,O) A(l,l) 
A(2,O) A(23 
I 
%J @ 
Nv,O) A(v,l) 
@J-- 
A(‘3,2) 
gr-- 
M1,2) 
@J- 
A(2,2) 
?F 
A(~,21 
,I__’ 
. 1 . . . . bCO>‘: 
. . . . . . . 
I . .W,v) 
. . . . . . .A(v,v) 
I 
By applying the same permutation to the rows and columns 
V’ x Q’(P’,gl’,ir,‘) may be moved to the top left-hand corner and the 
resulting latin square will still be orthogonal to its transpose. 
Proof of (ii). This is similar to the proof of (i). 
Proof of (iii). We may assume (by permuting the elements of P, and P, 
if necessary) that the element p + 1 appears in the top left-hand corner of 
P, and P, . Since the Q is a LASOT each of 1, 2,..., q appears once on its 
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diagonal, so we may similarly assume that, for each i > 1, the element 
(p + 1, i) appears in the top left hand corner of A(i, i). Then 
contains the sublatin square of order v whose (i, j)th element is (p + 1, vi,), 
where vij is the (i,j)th element of V. Part (iii) now follows in a similar 
fashion to part (i). 
3. THE MAIN LEMMA 
The method of proof we adopt to prove Lemma 2, and thence our main 
theorem, depends on using Theorems 1 and 2 in such a way that the 
property of a latin square, orthogonal to its transpose, containing a 
sublatin square of order 22 in the top left-hand corner is retained under 
the use of the recurrences vq and p + u(q - p). Since 22 = 1 + 7(4 - 1) 
it follows from Theorem 2 that we may assume that the sublatin square of 
order 22 has in its top left-hand corner a further sublatin square of any of 
the orders 7, 4, 1, whichever is useful. 
LEMMA 2. If there is an integer N such that, whenever n satisfies 
N < n < 4N, then there is a LASOT of order n which contains a sublatin 
square of order 22 in its top left-hand corner, then it follows that, for all 
integers n > N, there is a LASOT of order n with the sameproperty. 
Proof. If n 2 4N and, for all integers k, N < k < n, there is a LASOT 
of order k with a sublatin square of order 22 in the top left-hand comer, 
then we may find one of order n with the same property as follows. 
If n = 20m + 4r + s, where 0 < s < 3, 0 < r < 4, we use 
the recurrence 
20m + 4r = 4(5m + r) if s = 0, 
20m + 4r + 1 = 1 + 4(5m + r + 1 - 1) if s=l, 
20m + 4r + 2 = 22 + 4(5m + r + 17 - 22) if s = 2, 
20m + 4r + 3 = 7 + 4(5m + r + 6 - 7) if s=3. 
Since each of 5m + r, 5m + r + 1, 5m + r + 17 and 5m + r + 6 is 
greater than or equal to n/4 > N it follows that in each case there is a 
LASOT of order n, with a sublatin square of order 22 in its top left-hand 
comer. Lemma 2 now follows by induction. 
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4. THE MAIN THEOREMS 
Let A be the set of integers n > 1 for which there exists a LASOT of 
order n. Let B, C, D be the sets of those integers n > 1 for which there 
exists a LASOT of order 12 which contains a sublatin square of order 
4,7,22, respectively, in its top left-hand corner. Let E be the set of integers 
n > 1 for which there exists a pair of MOLS which contain a subpair of 
MOLS of order 3 in their top left-hand corners. 
Elements of each of the sets A, B, C, D, E may be found from each other 
by the following relationships, all of which, except for the last two, are 
either obvious or justified by Theorems 1 and 2. 
A 2 B, A 1 C, A I D, B 2 D, C 1 D, E 1 D. 
qEA, VEA =s- qvEA, 
qEA, VEA, q--1EAuE * l+v(q-l)EA. 
qEA, vgB e- qvEB, 
qeA, VEB, q-1eAuE * l+v(q-l)EB, 
qeB, VEA, q-1EAuE * l+v(q-l)eB, 
qEB, VEA, q--4EAuE +- 4+v(q-4)eB, 
qEC, VEB, q-7EAuE G- 7+v(q-7)eB. 
qEA, VGC s- qv E c, 
qEA, veC, q-1EAuE * l+v(q-l)EC, 
qEC, VEA, q--1EAuE + l+v(q-l)eC, 
qeB, veC, q--4EAuE * 4+v(q-4)eC, 
qEC, VEA, q-7EAuE * 7+v(q-7)EC. 
qEA, VED 3 qv E D, 
qeB, VEC, q-1EE a 1 + v(q - 0 E D, 
qeA, VED, q-1EAuE * 1 + v(q - 1) E D, 
qeD, VEA, q-1EAuE 3 1 + v(q - 1) E D, 
qEB, TIED, q--4EAuE =s 4 + v(q - 4) E Q 
qED, VEA, q--4EAuE =s 4 + v(q - 4) E D, 
qEC, VED, q-7EAuE =t- 7 + v(q - 7) E D, 
qeD, VEA, q-7EAuE =F- 7 + 4q - 7) E D, 
qeD,vEA, q-22EAuE* 22+v(q-22)~D. 
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qEAuE, VEE 3 qvE E, 
qEA, VEA, q-1EE a 1 + v(q - 1) E E, 
qEB, VEA, q--4EE 3 4 + v(q - 4) E E, 
qEC, VEA, q-7EE a 7 + v(q - 7) E E. 
qsE, VEA, q-1EAuE * l+v(q-l)EE, 
qEE, VEA, q--3EAuE * 3+v(q--)EE. 
The justification for the last two relationships is not in Theorems 1 and 2, 
but is in Sade’s paper [ll, le thtortme]. 
Starting with the facts that 
(4, 8, 9,27} u (p : p > 3, p a prime} C A, 
3 E E, 
4 E B, 
7 E c, 
and with the aid of a computer, we used these relations (and no others) to 
find elements of A, B, C, D and E. We found that all integers n such that 
36,372 d 12 < 145,488 were in D. By Lemma 2, this proved the following 
theorem. 
THEOREM 3. Zf n 3 36,372 there is a LASOT of order n which contains 
in the top left hand corner a LASOT of order 22. 
Let L(k) be the smallest integer such that, for all n > L(k), there is a 
LASOT of order n which contains in the top left-hand corner a LASOT 
of order k. Similarly let M(k) be the smallest integer such that, for all 
n > M(k), there is a pair of MOLS of order n which contain in their top 
left-hand corners a pair of MOLS of order k. In view of Theorem 3, our 
computer findings gave us the following theorem. 
THEOREM 4. L(1) < 26,004, L(4) < 26,004, L(7) < 26,004, 
L(22) < 36,372, M(3) < 6,507. 
We consider the functions L(k) and M(k) further in [5]. The numbers 
given in Theorem 4 are those provided directly by the computer program. 
They could easily be reduced by further applications of the SDP. 
The following were the integers not found by our program to be 
members of A (so for these orders our program did not show there was a 
LASOT). 
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2 
3 
6 
10 
12 
14 
15 
18 
24 
26 
30 
38 
39 
42 
46 
48 
51 
54 
60 
267 
270 
278 
282 
294 
300 
314 
318 
326 
327 
338 
339 
348 
354 
366 
370 
378 
398 
402 
422 
62 426 
66 434 
74 435 
75 458 
86 478 
87 482 
90 486 
98 494 
102 510 
114 518 
118 519 
122 542 
123 570 
126 586 
138 591 
146 602 
150 614 
158 618 
159 626 
174 662 
866 2126 
878 2154 
882 2238 
883 2274 
906 
926 
930 
942 
966 
978 
983 
998 
1022 
1026 
1038 
1059 
1095 
1098 
1118 
1130 
1146 
1154 
1158 
1227 
1238 
1242 
1263 
1286 
1290 
1302 
1308 
1314 
1322 
1347 
1374 
1406 
1410 
1466 
1538 
1586 
1614 
2298 
2342 
2390 
2406 
2550 
2778 
2798 
2858 
2958 
3042 
3390 
3414 
3446 
3482 
3558 
3678 
3698 
3866 
3986 
4058 
4083 
4358 
4394 
4406 
4458 
4622 
4634 
4826 
4878 
4938 
5190 
5418 
5574 
6038 
6198 
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182 674 1622 
186 678 1623 
192 686 1626 
194 690 1718 
195 698 1766 
206 723 1778 
219 734 1862 
226 762 1878 
230 774 1922 
234 786 1934 
240 794 1983 
254 798 1986 
255 822 1994 
258 842 2042 
266 843 2102 
6218 
6278 
6422 
6506 
6870 
7818 
8102 
8678 
8886 
9294 
17258 
19238 
26003 
For a large number of these orders a LASOT may be formed via the 
Sade-Mendelsohn result and different instances of the SDP not used in 
our program. For example, a LASOT of order 126 may be formed, since 
126 = 5 + ll(16 - 5) and 16 = 1 + 5(4 - 1). Most probably, starting 
with the Sade-Mendelsohn result and quite a small number of specific 
examples of LASOT’s one could obtain from the SDP examples of 
LASOT’s of all orders IZ, n # 2,3,6, but we have not investigated which 
specific examples would be required. 
Turning now to the problem for pairs of MOLS, the following were the 
integers not found by our program to be members of A u E (so for these 
orders our program did not show that there was a pair of MOLS). 
2 114 422 1286 
6 118 434 1302 
10 126 482 1322 
14 138 494 1622 
18 182 602 1934 
26 186 618 2342 
30 194 626 3866 
38 206 662 
42 226 690 
46 230 734 
54 258 774 
62 266 842 
74 270 942 
86 314 1118 
90 370 1154 
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Of these, the following may be obtained by different uses of the SDP 
recurrences, in the way indicated. 
126 = 5 + ll(16 - 5); 16 = 1 + 5(4 - 1); 
226 = 9 + 7(40 - 9), 40 = 4 + 4(13 - 4), 13 = 1 + 4(4 - 1); 
258 = 5 + 23(16 - 5), 16 = 1 + 5(4 - 1); 
314 = 4 + 5(66 - 4), 66 = 3 x 22, 22 = 1 + 7(4 - 1); 
370 = 1 + 123(4 - l), 123 = 11 + 4(39 - ll), 39 = 4 + 5(11 - 4); 
434 = 5 + ll(44 - 5), 44 = 4 + 5(12 - 4), 12 = 3 x 4; 
494=4+5(102-4),102=3x34,34=1+11(4-1); 
602 = 7 + 7(92 - 7), 92 = 1 + 13(8 - 1); 
618 = 3 + 5(126 - 3), for 126 see above; 
626 = 1 + 5(126 - l), for 126 see above; 
662 = 4 + 7(98 - 4), 98 = 3 + 5(22 - 3), 22 = 1 + 7(4 - 1); 
690 = 4 + 7(102 - 4), 102 = 3 x 34, 34 = 1 + ll(4 - 1); 
734 = 4 + 5(150 - 4), 150 = 3 + 7(24 - 3), 24 = 3 x 8, 
21 = 1 + 5(5 - 1); 
774 = 3 x 258, for 258 see above; 
842 = 5 + 27(36 - 5), 36 = 1 + 5(8 - 1); 
942 = 3 x 314, for 314 see above; 
1118 = 3 + 5(226 - 3), for 226 see above; 
1154 = 4 + 5(234 - 4), 234 = 3 x 78, 78 = 1 + 7(12 - l), 
12 = 4 x 3; 
1286 = 1 + 5(258 - l), for 258 see above; 
1302 = 3 x 434, for 434 see above; 
1322 = 13 + 7(200 - 13), 200 = 5 + 13(20 - 5), 20 = 4 x 5; 
1622 = 7 + 19(92 - 7), 92 = 1 + 13(8 - 1); 
1934 = 4 + 5(390 - 4), 390 = 5 x 78, 78 = 1 + 7(12 - l), 
12 = 3 x 4; 
2342 = 4 + 7(338 - 4), 338 = 3 + 5(70 - 3), 70 = 1 + 23(4 - 1); 
3866 = 1 + 5(774 - I), for 774 see above; 
Therefore we have the following result. 
THEOREM 5. There are pairs of MOLS of order n constructed solely 
from the MacNeish constructions and the SDP for all except the following 
values of n. 
58 CRAMPIN AND HILTON 
2 38 90 230 
6 42 114 266 
10 46 118 270 
14 54 138 422 
18 62 182 482 
186 
26 74 194 
30 86 206 
There is a pair of MOLS of order 10 which contains a subpair of MOLS 
of order 3, and also there is a pair of MOLS of order 18 which contains a 
subpair of MOLS of order 4 (see [2, 31). Using these pairs of MOLS and 
pairs of MOLS of orders 14, 26, 62, pairs of MOLS of all the remaining 
orders except 2 and 6 listed in Theorem 5 may be constructed using the 
SDP as we now indicate. 
30 = 3 x 10; 
38 = 3 + 5(10 - 3); 
42 = 3 x 14; 
46 = 1 + 5(10 - 1); 
54 = 3 x 18; 
74 = 4 + 5(18 - 4); 
86 = 1 + 5(18 - 1); 
90 = 3 x 30, for 30 see above; 
114 = 3 x 38, for 38 see above; 
118 = 1 + 9(14 - 1); 
138 = 3 x 46, for 46 see above; 
182 = 13 x 14; 
186 = 1 + 5(38 - l), for 38 see above; 
194 = 9 + 5(46 - 9), for 46 see above; 
206 = 1 + 5(42 - l), for 42 see above; 
230 = 10 x 23; 
266 = 1 + 5(54 - I), for 54 see above; 
270 = 10 x 27; 
422 = 10 + 4(113 - lo), 113 = 3 + ll(13 - 3), 13 = 1 + 4(4 - 1); 
482 = 1 + 13(38 - l), for 38 see above. 
Therefore we have the following theorem. 
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THEOREM 6. Given a pair of MOLS of order 10 containing a subpair of 
order 3, and a pair of MOLS of order 18 containing a subpair of order 4, 
and pairs of MOLS of orders 14, 26, 62 and of all orders + 2(mod 4), then 
pairs of MOLS of all other orders = 2(mod 4) except 2 and 6 may be 
constructed using the SDP. 
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